Positive Mass from Holographic Causality * 



Don N. Page'*^^ , Sumati Surya'^'''^ and Eric Woolgar'''"^ 

CN I Theoretical Physics Institute, University of Alberta 

§ ■ Edmonton, AB, Canada T6G 2G1 

(N '■ 

j>^| ^ Dept. of Mathematical Sciences, University of Alberta 
=3 ■ Edmonton, AB, Canada T6G 2G1 

Si 

cn ■ 

I ■ 

I Abstract 

QQ ' For n+1 dimensional asymptotically AdS spacetimes which have holographic duals 

0^ ! on their n dimensional conformal boundaries, we show that the imposition of causality 

' on the boundary theory is sufficient to prove positivity of mass for the spacetime when 

I n > 3, without the assumption of any local energy condition. We make crucial use of 

' a generalization of the time-delay formula calculated in gr-qc/9404019, which relates 

I the time delay of a bulk null curve with respect to a boundary null geodesic to the 

' Ashtekar-Magnon mass of the spacetime. We also discuss holographic causality for 

'■^^ \ the negative mass AdS soliton and its implications for the positive energy conjecture 

^ • of Horowitz and Myers. 

^ . 

• • . Positive energy theorems play a central role in gravitational theories, since they deter- 

I mine the classical stability of physical spacetimes within given asymptotic classes. Indeed, 

^ ■ alternative versions of the proof of positivity exist, using surprisingly distinct techniques. 

In the asymptotically flat case, among the many approaches, one has the proof of positiv- 
ity using minimal surfaces, due to Schoen and Yau ||], Witten's supersymmetry-inspired 
proof using spinorial techniques |Q] , Geroch's approach using the inverse mean curvature 
flow 1^, ^ and Penrose, Sorkin and Woolgar's approach using the focusing of null geodesies 
near conformal infinity I |^] . Similarly, in the asymptotically AdS case one has the spino- 
rial proof due to Abbott and Deser and a proof based on null focusing techniques in 

0- 

In this paper, we present a new proof of positivity of energy for asymptotically AdS 
spacetimes based on the assumption of holography |8|, |^, [l^, |ll|. While the AdS/CFT 



correspondence ||T^, 13, 14, 15] is a particular realization of holography, our result does 



not depend on the specifics of the holographic correspondence. 



* Alberta- Thy-08-02, |hep-th/0204"l98 



^Fellow, Canadian Institute for Advanced Research 
■'■email: don@phys.ualberta.ca 
^e-mail: ssurya@phys.ualberta.math.ca 
^e-mail: ewoolgar@math.ualberta.ca 



1 



In holographic theories, causally related events in the n + 1 dimensional bulk theory 
have interpretations in the n dimensional holographic dual theory and vice versa. Ques- 



tions of causality in holographic theories have been discussed in many papers [1^, 17, 18 
P^ , |20| , 21, |2^, 24|. For example, Kleban, McGreevy and Thomas propose a rela- 
tionship between causality in the holographic dual theory and matter energy conditions 
in the bulk. 

We show that the requirement of causality in the holographic dual theory is in fact 
sufficient to prove that a certain weighted time-average of the mass of the spacetime is 
non-negative, given the assumption of a holographic correspondence, but without the 
assumption of any energy conditions. In the special case when the matter flux on the 
conformal boundary 2 vanishes, this means that the instantaneous mass itself is non- 
negative. Our proof is based on a generalization to arbitrary spacetime dimensions n + 1 > 

4 of an expression for time delay in Q, which relates the time difference between a null 
geodesic on the conformal boundary X and a nearby bulk null curve to the Ashtekar- 
Magnon mass. 

As in the AdS/CFT correspondence, we shall take a holographic correspondence to 
imply that certain fields in the (conformally completed) bulk theory, evaluated at a point 
on the conformal boundary, correspond to operators in the dual, or "boundary", theory 
localized at the same point. We further assume holographic causality: if two points on 
the conformal boundary are causally related via the bulk causal structure, then there is 
a causal relation (e.g. non-commutation) between the two corresponding operators of the 
dual boundary theory. The boundary theory is thus defined to be causal only if these 
two operators are localized at points that are causally related in the conformal boundary 
causal structure. More crudely, causality implies that a signal cannot go through the bulk 
faster than it can go along the conformal boundary. 

We begin by considering the pair: a point S on X, dubbed the source, and an observer 
world-line R on X, dubbed the receiver. Let At be the time taken by a fastest null geodesic 
7 to go from S to R along X and At' the time taken by a bulk null curve 7' to go from 

5 to R. If At > At' , this means that R will receive a signal from S via the bulk along 
7' before it receives the fastest boundary signal 7, thus violating holographic causality. 
Holographic causality therefore requires that the time delay AT = At' — At between the 
fastest boundary null geodesic and any bulk null curve must always be non-negative [p^]. 

When the spacetime is pure AdS, the time delay between the fastest boundary signal 
and any bulk signal is non- negative. It vanishes when the bulk signal is along a bulk 
null geodesic, but this can only join antipodal points on the boundary. Since the strictest 
version of AdS/CFT holography holds for pure AdS bulk spacetimes (in 3, 5 and 7 space- 
time dimensions), holographic causality is satisfied. However, one must also be able to 
interpret, in the boundary theory, bulk perturbations about the global AdS background 



1 25, Such perturbations would affect this exact matching and hence could lead to a 
violation of holographic causality. Intuitively one would expect that if global AdS is per- 
turbed by the addition of positive mass, then causal geodesies in the bulk will focus and 
hence be non- maximal, thus maintaining holographic causality. In fact what we will find is 
the converse of this intuition — namely, the fact that bulk causal curves are non-maximal 
implies positivity of mass. 
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Figure 1: In order to preserve holographic causality, the time delay AT = At' — At must be 
non-negative. 

To make our treatment self contained, we start by reminding the reader of the con- 
formal definition of an asymptotically AdS spacetime in n + 1 spacetime dimensions for 



n-|-l>4|26,27|;we use the definition in |2^] rather than the weaker one in |26|. 

Definition: An n + 1 dimensional spacetime (M, gab) is said to be asymptotically AdS 
if there exists a manifold M with conformal boundary 2 , with a (sufficiently) smooth 
metric g and a diffeomorphism from M to M — I such that 

(i) There exists a function Q on M such that gab = ^'^gab on M. 

(ii) I = dM has topology S""^ x M, = on T and Va^ is nowhere vanishing on Z. 

(iii) gab satisfies Rat — \Rgah + ^Qab = SirTab where A < and 0,^""' Tab admits a smooth 
limit to I, 

(iv) The Weyl tensor of gab is such that i^'^~^Cabcd is smooth on M and vanishes at I. 

(v) For n = 3 only (where it does not follow from the other conditions) we additionally 
require that the conformal isometry group of I is the AdS group. 

We confine our attention to the conformal metric gab = ^'^Qab in a small neighbourhood 
AT = M X X [0, e] = M X W of J, where Q e [0, e]. It is convenient to express gab to 

order 0(0""*'^) in a coordinate frame x = {Q,x) adapted to the level surfaces of 0, where 
X = {t, uJn-i) are the coordinates in constant O hypersurfaces and ujn-i are the coordinates 
on the S""^^ sphere. The conformal metric in M may be expressed as [28, 2£, EO] 



ds"^ = dsl + fab{x) dx" dx^ + 0(0"+i), (1) 

where 

dsl = gib dx'^dx'' = dslas = - dt^ + {i- n^) du^l^^, (2) 

with ds\^g the AdS metric, du;'^_i the standard "round" metric on an n — 1 sphere and 
fab{x) a degenerate symmetric tensor with fan = 0. For simplicity we use units in which 

A _ n(n-l) 
jv — 2 ■ 
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As we now show, the trace-free part of fab is in fact proportional to the electric part 
Eab of the Weyl tensor Cabcd, 

Eab{x) = hm ^ Cacbd V'^nV^Q. (3) 
Using the form of the metric (|l]), Cabcd can be simplified to 

Cabcd = -25deV['(iCfe]e " ^ _ (^[d 5°] [6 ^^jg + Vg C| m) 
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n[n 



YT5:[.5S].r^^V|'gC]^ + 0(17"-i), (4) 



where V° is the connection compatible with the conformal AdS metric is the 

connection compatible with (||), the tensor C'^^^ is given by C^j, = V° Vb — Vq f^, and we 
have used the fact that AdS has vanishing Weyl curvature, C°abcd ~ ^- Using (||), (^) and 
(^), and denoting the induced metric on X by we get 

Reinserting this into (||), we obtain 

ds^ = (1 + 1^" H{x))dsl - — - r?" - H{x) dn^ + (6) 

n(n — 2) 

where nH{x) = q°^^ f^i and where we have used the fact that Eau = 0. The definition of 
asymptotically AdS spacetimes above, from |^, implies H{x) = 0, so our proof actually 
applies to the broader class of metrics given by (|l]) . 

We now choose S and R so that they project to the antipodes of the spatial boundary 
sphere 5"~^ C I. Next, we use the arc length a S [0,7r] to parameterise the null curves, 
where da"^ = (1 — 17^)^-'^ di}"^ + (1 — 0^) duj'^_i is the "round" metric on 5" with the equator 
at r2 = 0. Let 7 : [0, 1] ^ T be one of the boundary null geodesies between S and R and let 
7' : [0, 1] — > be a bulk null curve which is a particular variation of 7 with 7'(0) = 7(0). 
Since da"^ is the round metric on S^, 7 projects to the equator at = 0, and we may now 
choose 7' to project to a nearby geodesic of da"^ in U. This is always possible on the round 
5", since geodesies with the same starting point will focus at the antipodal point. Thus, 
for the varied curve 7', Vt[a) = J7msin(c7), where is the farthest that 7' ventures into 
the bulk. For a sufficiently small > we then obtain the following expression for the 
time delay in 7' with respect to 7: 



AT = - . . / sin"(a) Eab{x) 7^7' da + 
n[n — I) Jq 



n+U 
m ) 



(7) 



where x and j"" = ^ are functions of a along the boundary null geodesic 7. The 
requirement of holographic causality implies a non-negative time delay, so that the right 
hand side of (|^ must be non-negative. We now show that the integrand is related to the 
Ashtekar-Magnon mass. 
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The Ashtekar-Magnon(AM) mass is defined as |26. 



27| 



87r(n - 2) Jc 

where C is a space-hke cut of X, dS the associated volume element and a conformal 
timelike Killing vector on I. In the coordinate frame x = {t, con-i) we use above, a natural 
choice is x° = (1; 0, ... , 0) up to normalization, with C the round S^~^ sphere with volume 
element dQ, so that 

Now, up to a scale factor, on I the "spray" of future directed null geodesies at a 
point is parameterised by an n — 2 dimensional sphere. Thus, for example, in n + 1 = 4 
dimensions there is a circle worth of null directions on 2 at every point, while in n + 1 = 5 
dimensions there is a 2-sphere worth of null directions. Taking as the volume element 
on the round S"^"^, we then take the average 

Eab 7^" dE = ^ vol(S"-2) ^^^^ 

n — 1 

Here we have used (a) the fact that the integral is performed over the future null directions 
at a point, so that Eab is in fact independent of these directions and (b) the fact that Eab 
is trace- free. Averaging the time-delay (0) over all possible null directions as in (10) and 
over all points on the boundary S"^^, we get 



AT dEde = — ^ ^ ' / sin"(t - to) fiit) dt + 0{n^^). (11) 
[n-l) J to 



:;n—2\ rto+TT 
'to 

Since the time delay AT > 0, this implies positivity of the weighted time-averaged mass. 



(M>to = / sin"(t - to) ix{t) dt > 0. (12) 
Jto 

If the matter flux fy TabX°'x'^dV vanishes on I for the patch V C I bounded by spacelike 
cuts of I at to and to + '^^ then fi{t) is constant in V |2^, 27], so that the instantaneous 
mass n{t) > in y. We have thus proved the following: 

Theorem: Assume that an n -|- 1 dimensional asymptotically AdS spacetime (M, g) has 
a holographic dual on its conformal boundary I. Then the requirement of holographic 
causality implies that the weighted time-averaged Ashtekar-Magnon mass {n)to for the 
spacetime is non-negative for all to S M. In particular, when the matter flux at I is zero 
for a time period of at least vr, the instantaneous Ashtekar-Magnon mass is non-negative 
over that same time period. 

Remark (i): In the weight in {fi)to was assumed to be uniform, but we have shown 
here that it is indeed non-uniform. If this weight had been a delta function instead of 
sin"'(t — to), one could conclude that the instantaneous mass is non-negative in general. 
However, sin"'(t — to) only approaches a delta function as n ^ oo, so for finite n the weight 
has non-vanishing width. While this appears to be a drawback of the focusing method 
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employed here, one may be able to extract some useful information from it. In particular, 
(a) cannot be negative for a time scale of ~ vr, and (b) since (/u)t() > for all Iq, if 
< on time-scales r < vr, then it must be compensated for by a positive contribution 
from fj,{t) for a time tt — r with "interest". What does this say about classical stability? 
One might suppose that if the mass of the spacetime becomes negative at any time that 
this would lead to an increasingly negative mass. However, the fact that (/u)ty > for all 
to clearly prevents such an instability. 

Remark (ii): The elements of our proof do not suffice to prove the converse of the theo- 
rem, namely that positivity of mass is sufficient to ensure holographic causality. Positivity 
of mass does not imply that the function — -EafeT^T^ is non-negative everywhere, and by 
choosing 7 and 7' suitably, the time delay could be made negative. Instead of assuming 
positivity of mass however, if we were to assume null genericity, null geodesic completeness 



and a null energy condition, then a focusing theorem |^, |3^, Q can be used to show that 
all bulk geodesies have non-negative time-delay with respect to boundary null geodesicsQ 
This theorem states that in such spacetimes any complete causal geodesic must contain 
conjugate points. The existence of conjugate points means that the null geodesic focuses, 
so that the fastest null geodesies always lie on the boundary. 

Remark (Hi): In [^], it was claimed that any asymptotically AdS spacetime must satisfy 
an integrated weak energy condition if it is to have a causal holographic boundary dual. 
While the focusing theorem implies positive time delay, it is not clear how the converse 
conclusion of [^] may be reached. 

Remark (iv): Finally, we briefly comment on the relation to the counterterm mass defini- 
tion of [|^, where the mass fict is calculated by adding certain local counterterms to the 
action. In 4-dimensions it was shown in that this mass definition is identical to the 
AM mass, so that holographic causality implies the positivity of fict by our theorem. In 
5 dimensions, however, these masses explicitly do not match, and their difference fict — /U 
can be interpreted as a non-zero Casimir energy. Using our method, however, holographic 
causality cannot be used to predict the sign of this Casimir energy term. 

Now, the time delay formula (0) is valid only for asymptotically AdS spacetimes with I 
of topology X M. However, asymptotically locally AdS spacetimes with non-spherical 



boundary are also candidates for a holographic theory [^, 36, 37, 35], and several examples 
of spacetimes with such boundaries are known |3^. Positive energy theorems have not 
been proved for such spacetimes — indeed, the AdS soliton |3^, which has a Ricci flat 
T, has negative AM mas ^. Motivated by the AdS/CFT correspond ence, Horowitz and 
Myers [^] proposed a new positive energy conjecture which states that the AdS soliton is 
the unique ground state in its asymptotic class. It is therefore of interest to ask how the 
considerations in this current work extend to such spacetimes. 

We now show by explicit calculation that despite having negative mass, the AdS soliton 
has a strictly positive time delay when n > 3, so that the boundary theory is causal in 



^The focusing theorem was used to complete the proof of positivity of energy in conjunction with the 
time delay formula in 

^The soliton is protected from a potential instability due to a unique scaling isometry between solitons 



of different mass parameters | |4o| ] . 
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this restricted sense. The n + 1 dimensional AdS sohton has metric 

, n-2 

ds^ = -r^dt"^ + —-dr^ + y(r)#2 + ^2 'y{de')\ (13) 
V[r) ^ 

Here Vir) = ^-(l — with i'^ = — "^^a i a constant and n > 2. The sohition is 
non-singular provided (p is periodic with period /3o = ^f^- Putting x = l/r, ([l3[) can be 



re-expressed as 



where 

is the spatial part of the optical metric ds^ = x^ds^ . Thus, the time taken by a null signal 
is At = J dsn- 

Now, consider a null geodesic from a source S on T, which has angular momenta 

(L, J), where L = {6i, ■ ■ ■ ,6n-2), J = (1 — rQX^)(p and L = J = along any geodesic 
where A = dA/dsn- The time taken for this geodesic to get back to I via the bulk (and 
not along the boundary) is then 



At' = y |Ae|2 + (^^^ (1 - A:2)%f /(n)2, (16) 

where |A0| is the optical distance traversed in the = {9i, - ■ ■ ,6^-2) directions, k'^ = 
£-2 J2(l -L2)-i and 

If the bulk null geodesic is received by some observer R on I, the shortest time taken by 
a boundary null geodesic to get from S to R satisfies the inequality, 



At< J|Ae|2+(l^)-. (18) 



Tq J n2 

If the fastest curve, necessarily a null geodesic, were to lie in the bulk, then At' < At for 
that geodesic. But we see that this cannot be the case. Comparing the times At and At' 
we see that the time delay AT = At' — At is positive whenever 

-I(n) (l-fc^)^ > 1. (19) 

Now, (1 — k"^)^^ > 1 for n > 2, the equality being satisfied only when n = 2 and/or 
J = 0. Moreover, one can easily show that ^I{n) > 1 for n > 2 — indeed, it grows 
approximately linearly with n. Thus, the time-delay is zero only for n = 2. This is not 
surprising, since in 3 spacetime dimensions, the AdS soliton is in fact global AdS. It is 



7 



also satisfying to note that the existence of the time delay is in fact independent of the 
apparent mass "parameter" tq. This is consistent with the fact that solitons of different 
ro are in fact isometric to each other via a scaling isometry [40|. 

Thus, the AdS soliton, despite having negative mass, satisfies holographic causality. 
However, in light of the Horowitz-Myers conjecture, it is interesting that there is no bulk 
null geodesic which realizes the bound set by causality or alternatively, by the focusing 
theorem. What this means for the conjecture is a question under current investigation 

m- 
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